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Newton-Krylov Methods for Low-Mach-Number
Compressible Combustion
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Fully coupled numerical techniques are used to compute steady-state solutions to a combusting, low-Mach-
number compressible flow through a channel. The nonlinear governing equations are discretized on a staggered
mesh via integration over discrete finite volumes. The resulting nonlinear algebraic equations are linearized with
Newton's method and solved with a preconditioned Krylov algorithm. The selected Krylov solver is the generalized
minimum residual algorithm. A matrix-free Newton-Krylov method and a modified Newton-Krylov method
are employed as a means of reducing the required number of expensive Jacobian evaluations. The matrix-free
implementation is shown to be superior to the modified Newton-Krylov method when starting from a poor initial
guess. The technique of mesh sequencing is shown to provide significant CPU savings for fine grid calculations.
Additionally, the domain-based multiplicative Schwarz preconditioning strategy was found to be more effective
than incomplete lower-upper factorization type preconditioning at lower Mach numbers.

A

B

C
cp

D
e
F
f
h
i
J
kbr
kfr
Ma
Mw
m
N
NR
NS
Pe
Pr
P

Nomenclature
fuel species
stoichiometric coefficients for reactants
oxidizer species
stoichiometric coefficients for products
product species
dimensionless specific heat capacity at constant
pressure, cp/cpo
dimensionless specific heat capacity at constant volume,
Cv/CVQ

dimensionless mass diffusivity, D/DQ
dimensionless internal energy
vector of discrete governing equations
individual discrete governing equation
dimensionless enthalpy
species number
Jacobian matrix
backward reaction rate for rth reaction
forward reaction rate for rth reaction
Mach number,

: dimensionless molecular weight,
- Jacobian/preconditioner formation interval
= system dimension
= number of reactions
= number of species
: Peclet number, PQUQCPQL/KQ
- Prandtl number, P,OCPO/KQ
: dimensionless pressure, /?/(A)"o)
: dimensionless energy release for rth reaction,
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Re = Reynolds number,
Rg = universal gas constant
r = reaction number
Sc - Schmidt number,
s = damping coefficient
T - dimensionless temperature, T/TQ
u = dimensionless velocity in x direction, U/UQ
V = diagonal matrix whose entries are cell volumes
v = dimensionless velocity in y direction, v/v(}
v = general Krylov vector
x = state vector
x,y = dimensionless Cartesian coordinates, x/L,y/L
YI = mass fraction for zth species, pj/p
ur , ftr = Arrhenius reaction rate coefficients
y = ratio of specific heat capacities, CPO/CVQ
A? = time step
8x = Newton's method vector update
s = perturbation constant
rj = time step acceleration parameter
K = dimensionless thermal conductivity, K/KQ
jji = dimensionless viscosity coefficient, /V/Io
p = dimensionless density, p/p()
6)r = dimensionless progress rate for rth reaction,

Subscripts
i = species number
r = reaction number
0 = reference quantity

Superscript
n - Newton iteration number

Operators

= dimensional quantity
T = transpose
|| || oo = LOO norm

Introduction

T HE conservation equations describing low-Mach-number com-
pressible flow with combustion contain a wide disparity in

time scales and severe nonlinearities. These difficulties make the
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efficient solution of steady-state problems challenging. To meet this
challenge, fully implicit Newton methods have been studied for
such problems. A number of Newton methods have been previously
studied1"3 using a variety of linear solution techniques. The most
recent of these works3 used preconditioned Krylov projection meth-
ods for the linear solve, but none of these efforts have employed a
matrix-free implementation4'5 of a Newton-Krylov (NK) method.

In many Krylov algorithms the Jacobian (from Newton's method)
is required only in the form of matrix-vector products, which can
be approximated as follows4'5:

Jv F(x + ev) - F(x)
(1)

Recent work using NK algorithms for solving the Navier-Stokes
equations has successfully implemented this so-called matrix-
free approximation.6'7 This approximation has also been success-
fully implemented for the highly nonlinear system of convection-
diffusion-reaction equations describing the boundary-layer plasma
of magnetic confinement fusion devices.8

The matrix-free expression, Eq. (1), approximates the action
of the Jacobian without explicitly computing and storing the full
Jacobian matrix. This feature is significant, since for combustion-
type problems the operations required to form the Jacobian matrix
can dominate the overall CPU time. Consequently, use of the matrix-
free implementation given in Eq. (1) can potentially lower compu-
tation time by avoiding expensive Jacobian evaluations. This imple-
mentation enables one to capture the effects of the current Jacobian
when performing matrix-vector products, thus retaining the rapid
convergence characteristics of Newton's method with infrequent
explicit Jacobian evaluations. Typically, however, the Jacobian is
needed periodically during the outer Newton iteration to generate
an effective preconditioner for the inner Krylov iteration. In this
situation, the primary advantage of the matrix-free implementation
lies in the ability to amortize the cost of these periodic Jacobian and
preconditioner evaluations over many Newton steps without sacri-
ficing the strong convergence characteristics of Newton's method.
The main effect, then, is a lagged preconditioner, which may nega-
tively impact the performance of the Krylov algorithm if the precon-
ditioner becomes inadequate. It should be reemphasized that within
this matrix-free implementation we do form the Jacobian matrix,
but with a reduced frequency. Thus, the Jacobian is available for
sensitivity analysis.

An alternative approach for reducing the number of expensive
Jacobian evaluations is the use of a modified Newton-Krylov
(MNK) algorithm, in which the Jacobian is frozen for a specified
number of Newton iterations. In this approach, the Jacobian-vector
products within the Krylov iteration are computed in the normal
fashion using the frozen Jacobian matrix. Consequently, Newton-
like convergence is sacrificed to reduce the CPU cost associated with
the Jacobian evaluation. The severity of the sacrifice in nonlinear
convergence is then dependent upon the significance of the ignored
changes in the Jacobian matrix. The performance of the Krylov al-
gorithm is not impacted by this second approach since the Jacobian
matrix and preconditioner are consistent in that they originate from
the same Newton step.

In summary, both approaches aim to reduce the required number
of expensive Jacobian evaluations. The matrix-free Newton-Krylov
(MFNK) algorithm accomplishes this goal via the use of Eq. (1) and
infrequent Jacobian evaluations, which are used only to refresh the
preconditioner. The negative aspects of this implementation include
an increase in the cost of Krylov iterations and the possibility of
more Krylov iterations due to the lagged preconditioner. The MNK
algorithm accomplishes the aforementioned goal by simply freez-
ing both the Jacobian and the preconditioner for a specified num-
ber of Newton steps. The negative aspect of this implementation
is the likelihood of a degradation in nonlinear convergence (i.e.,
more Newton iterations). The effectiveness of the MFNK and the
MNK implementations are compared in the computational results
presented later.

Critical to the success of the MFNK implementation are rela-
tively low Krylov (linear) iteration counts. This restriction arises
because Eq. (1) replaces matrix-vector operations within the Krylov

iteration. Because this approximation requires a new residual evalu-
ation, which is an expensive operation, for each matrix-vector prod-
uct, low inner Krylov iteration counts are essential if the benefits
of the matrix-free implementation are to be realized. Two valuable
tools for obtaining low inner iteration counts are effective precon-
ditioning strategies and pseudotransient continuation techniques. In
this work, both of these techniques are used with the MFNK imple-
mentation to reduce computation times.

In this paper we study the application of NK methods to low-
Mach-number combustion problems. It is well known that many
standard computational fluid dynamics (CFD) algorithms suffer
convergence degradation for low-Mach-number flow because of a
large spread in time scales.9"11 It is for this reason that a com-
pressible formulation is employed here instead of a zero-Mach-
number approximation. We will show that, with a good choice of
preconditioner, an NK algorithm can overcome the severe Courant-
Friedrichs-Lewy (CFL) constraints inherent in other compressible
flow solution techniques applied to low-Mach-number flows. A di-
mensionless model problem describing a laminar diffusion flame
with three chemical species and one kinetic reaction is presented
and solved. We use primitive variables and first-order accurate fi-
nite volume discretization on a staggered grid. Solutions to this
model problem demonstrate the benefits of a MFNK implementa-
tion compared with a MNK method. The potential CPU gains in
using a mesh sequencing algorithm are also shown, as is the ability
to make a transition to an infinite CFL when using a pseudotransient
NK algorithm. Finally, a preliminary comparison of domain-based
preconditioning with more standard incomplete lower-upper (ILU)
type preconditioning is made.

Chemically Reacting Flow Equations
The nondimensional conservation equations for chemically react-

ing, compressible, laminar flow with variable transport coefficients
in two-dimensional Cartesian coordinates can be expressed by the
following:

Continuity for species i
pD 3Yi

ReSc

pD 3Y{
ReSc~8y

(2)

x momentum

dpu dpu2 dpuv
I>r + ~a7~ + dy

du 3v 1 d du dv
(3)

y momentum

dpv_ dpuv dpv2 _ dp J__^_/ ?>"_ dv_

~dT + dx + 17" = ~ a^ + Te 1^ (M a^ + ̂
i a

+ Te~y

Thermal energy

dpe d

dv 2 /9w dv
(4)

dT 3Yi

YDP

+ (5)
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Equation of state
NS

P = yMa2 (6)

In these equations, the Stokes condition12 was assumed, whereas
the effects of viscous dissipation and buoyancy were neglected. The
species diffusion flux vectors in Eq. (2) are determined assuming an
equivalent mass diffusivity for each species, whereas the heat flux
vector in Eq. (5) contains contributions from both heat conduction
and species diffusion. The fluid density appearing in Eqs. (2-6) is
computed from individual species densities according to

NS

(7)

Additionally, the assumptions of a calorically perfect gas enable the
following relations to be used:

NS

(8)

= cpT = - (9)

The progress rates appearing in Eqs. (2) and (5) are defined by
NS

For low-Mach-number combustion, the equations outlined earlier
exhibit disparate time scales arising from the bulk velocity, sound
waves, species diffusion, and kinetic chemistry. The fully implicit
solution approach discussed next is used to overcome this difficulty.

Newton-Krylov Methods
The Newton-Raphson method is a powerful technique for solving

systems of nonlinear equations of the form

F(x) = [/, (*), /2(r), . . . . fN(x)]T = 0

where the vector of state variables x can be expressed as

(1 1)

x=t[xi,x2,...,xN]T (12)

Application of Newton's method requires the solution of the follow-
ing linear system on each iteration:

J"8xn = -F(xn) (13)

The (row, column) elements of the Jacobian matrix are defined by

jn = J/™
row,column Qv-fl (14)

In this study, these Jacobian terms are computed numerically using
finite difference approximations. After solving Eq. (13), the new
solution approximation is obtained from

The scalar s is used to damp the update. This iteration is continued
until the following convergence criteria are satisfied:

max(kl-MJ and < 1 x 10~5 (16)

Of interest in this study are steady-state solutions to the govern-
ing equations described previously. However, because of the ex-
treme nonlinearities in the chemical source/sink terms and the de-
tailed structure inherent in many combustion solutions, pseudotran-
sient relaxation is often used to increase the radius of convergence

of Newton's method. This technique is implemented by replacing
Eq. (13) with

n = -F(xn) (17)

thus providing some level of underrelaxation when a steady-state
solution is the goal. There are many options for letting Ar" vary
throughout the nonlinear iteration. A commonly used algorithm is
switched evolution relaxation (SER).13 This algorithm relates the
growth in time step size to convergence of the residual by

Ar" =
Olio

(18)

where ^ is a tuning parameter. For most problems there will be a
limit on the maximum size of the starting time step Af° and a limit
on how large one allows Arn to grow. The limit on Af° is typically
determined by the quality of the initial guess and the nonlinearity
of the problem. The nonlinearity is strongly influenced by the expo-
nential dependence of the chemical reactions in chemically reacting
flow. The limit on the maximum size of Af" (or CFLmax) is often
determined by the effectiveness of the iterative technique used to
solve Eq. (17).

In this study, preconditioned Krylov projection methods are used
to solve the linear problem defined by Eq. (17), using an inexact
Newton convergence criterion proposed by Averick and Ortega14

and Dembo et al.15 This inner iteration convergence criterion is
given by

< 1 x 10" (19)

Note that if the MFNK implementation is employed, Eq. (1) is used
to compute Jn8xn in Eq. (19). Previous research6 demonstrates that
the generalized minimum residual (GMRES) algorithm16 tends to
perform better than other popular Krylov methods when using this
matrix-free approximation. Consequently, GMRES(40) is used in
all of the calculations described here, where the maximum dimen-
sion of the Krylov subspace is fixed at 40. Right preconditioning
is employed to improve the performance of the GMRES algorithm.
With right preconditioning, Eq. (1) takes the form

(20)

where P is the preconditioning matrix, which approximates 7, but
is relatively easy to invert. Thus, to obtain P we often must first
compute the Jacobian matrix. However, as will be shown, the same
preconditioner often can be used for many Newton steps, thereby
enabling significant CPU savings. The perturbation constant £ is
chosen as follows:

s — 1
= a\Xi\ +a (21)

where ;c/ is the j'th component of the state vector of dimension N,
and a is a constant whose magnitude is 1 x 10~6 in this study.

We restrict our preconditioning choices to those of the ILU fac-
torization type, as well as the domain-based multiplicative Schwarz
method using LINPACK banded Gaussian elimination for subdo-
main solves.7'8' 17~2() In the case of ILU-type preconditioning, a mod-
ified level of fill-in idea is used to determine nonzero locations in
the LU factors.18 The domain-based preconditioners offer signifi-
cant improvements in parallelism compared with the more standard
ILU preconditioned.21 Also, a domain-based preconditioner, with
full solves on the subdomains, may be more effective for more ill-
conditioned problems. This second property is specifically exploited
in this study. A detailed study comparing additive and multiplica-
tive Schwarz methods, approximate subdomain solvers, blocking
strategies, and the effects of domain overlap are deferred to another
paper.22

In applications of Newton's method to the Euler and Navier-
Stokes equations, the Jacobian elements are typically derived ana-
lytically (see, e.g., Ref. 23). However, this is not an attractive option
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when considering multispecies, reacting flow simulations. Thus,
faced with expensive numerical Jacobian evaluations, the MFNK
and the MNK algorithms offer less expensive alternatives. For ex-
ample, periodic formation of the Jacobian and preconditioning ma-
trices and use of the matrix-free approximation within the Krylov
algorithm may enable significant CPU time reduction without sac-
rificing the strong convergence of Newton's method.

Model Problem and Computational Results
The selected model problem is a nonpremixed, laminar diffusion

flame with three chemical species and one reaction. This problem is
a modification of the test problem contained in the APACHE code
user's manual.24 The single chemical reaction is expressed as

A + 2B -i> C

where kb = 0 and A;/ is of Arrhenius form, i.e.,

(22)

(23)

The reaction rate in Eq. (23) is defined by a = 4.0e5 and f> — 7,
whereas the energy release in Eq. (5) is defined by q = 15. Addition-
ally, the following parameter definitions are assumed: MwA =2,
MwB=2, Mwc = 6, CVA = 1.25, CVB = 1.25, cvc =0.5, CPA = 1.75,
CPB = 1.75, cpc = 0.665, and Rg = 1.

The model problem geometry is shown in Fig. 1 with L = 25
and W = 4.5. The following boundary conditions are enforced:

Inlet (jc - 0)

PC = 0.0,

PA =

PB =

1.0,
0.0,

0.0,
1.0,

1.0,
1.5,

Exit (jc = 25)

dx

T = 1.0

1.5 < y < 3.0
elsewhere

1.5 <y < 3.0
elsewhere

1.5 < y < 3.0
elsewhere

dT
3x

(24)

(25)

(26)

(27)

(28)

The wall boundary conditions at y — 0 and 4.5 are assumed to be
rigid (no slip), adiabatic, and noncatalytic. Values assumed for the
nondimensional constants are Ma = 0.14, Re = 30, Pr = 0.7,
y = 1.4, and Sc = 0.6; whereas the temperature-dependent trans-
port coefficients are computed from D = JJL = K = ^/T. Note
that the computational cells are naturally ordered, starting from the
lower right corner in Fig. 1, sweeping across the channel first and
then back towards the inlet. This cell ordering strategy performed
best with ILU preconditioning, as compared with other row/column
type ordering choices.

Before analyzing algorithm performance, the solution structure
of the model problem is illustrated using a uniform 180 x 60 grid.
Figure 2 shows contour plots for temperature, Mach number, and
pressure, respectively. Notice from Fig. 2a the sharp rise in tem-
perature in the region where the reaction is taking place. The tip of
the flame is located at roughly x = 19.0 with a peak dimensionless
temperature of 5.0. Because of the low Mach number (Fig. 2b), the
pressure field is fairly constant as shown in Fig. 2c. Figure 3 shows

Oxidizer — f*-

Fuel 4*- ;

Oxidizer — r*~

1,

W/3

W/3

W/3

!

w

——————— 1

Pressure
Fig. 2 Temperature, Mach number, and pressure contours for
180 x 60 grid solution.

Species A mass fraction

5

Species B mass fraction

5

Fig. 1 Schematic of diffusion flame model problem geometry.

Species C mass fraction
Fig. 3 Species mass fraction contour plots for 180 x 60 grid solution.

mass fraction contour plots for the three chemical species. Figure 3a
shows that fuel A is almost completely consumed by x = 12.0. Sim-
ilarly, the mass fraction of species B is reduced considerably near
the channel outlet as shown in Fig. 3b. In contrast, Fig. 3c shows
that although species C mass fraction is zero at the inlet, it is the
dominant species at the channel outlet.

This model problem will now be used to investigate the perfor-
mance of a variety of NK algorithm implementations. On a single
grid with a good initial guess, we compare the performance of the
various NK implementations. Then we demonstrate the significant
CPU savings that can be obtained using mesh sequencing, as com-
pared with starting on the fine grid with a poor initial guess. The
single grid MFNK and MNK implementations are compared with
a conventional pseudotransient NK implementation (CNK), where
the Jacobian and preconditioner are formed on each iteration and
Jacobian-vector products are computed in the normal fashion. First,
an interpolation of a converged 45 x 15 uniform grid solution is used
as an initial guess on a 90 x 30 uniform grid using ILU(O) and ILU(l)
preconditioning. Figure 4 shows the convergence history of five dif-
ferent calculations, including the CNK implementation, MFNK and
MNK implementations using a fixed time step (At — 0.3), plus
MFNK and MNK implementations using the SER algorithm. The
fixed time step was chosen to keep the inner iterations per Newton
step on the order of 10. This value yields an jc-direction Courant
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Table 1 Algorithm performance data for six different pseudotransient NK
____________implementations using a 90 X 30 uniform grid

Total Total Jacobian plus Inner Total
Newton GMRES preconditioner iterations CPU,

Implementation iterations iterations CPU, % CPU, % h

CNK, ILU(O), At = 0.3, m = la

MFNK, ILU(O), At = 0.3, m = 10a

MNK, ILU(O), At = 0.3, m = 10a

CNK, ILU(O), SER,b m = la

MFNK, ILU(l), SER,b m = 10a

MNK, ILU(l), SER,b m = 10a

222
208
218
26
26
42

1457
1383
1365

149
223
192

87.7
38.3
46.7
91.0
44.6
62.2

11.7
60.1
52.2

8.0
52.8
35.5

10.25
2.5
2.2
2.3
0.58
0.7

aJacobian and preconditioner are evaluated every m Newton iterations.
bSER: switched evolution algorithm controls time step with Af° = 0.3 and 77 = 3.0.

Table 2 Algorithm performance data for four different pseudotransient NK
implementations using a 180 X 60 uniform grid

Implementation

Total Total
Newton GMRES

iterations iterations

Jacobian plus
preconditioner

CPU, %

Inner
iterations
CPU, %

Total
CPU,

h

CNK, ILU(O), At = 0.3, m = la 215 2622 80.9 18.5 43.4
MFNK, ILU(O), At = 0.3, m = 10a 215 2609 28.2 71.2 15.1
MFNK, ILU(l), At = 0.3, m = 20a 214 1126 37.9 61.4 11.5
MFNK, ILU(l),SER,bm = 10a 23 330 37.0 60.9 2.9
MNK, ILU(l), SER,bm = 10a 26____299_____416_____53.9 2.5
aJacobian and preconditioner are evaluated every m Newton iterations.
bSER: switched evolution algorithm controls time step with Ar° = 0.1 and 77 = 3.0.

2 4 6 8
CPU Time (HP 735 Hours)

10

Fig. 4 Convergence history for five different NK solutions on a 90 x 30
grid: ——, CNK ILU(O), df = 0.3; - - - - , MFNK m = 10 ILU(O), dt = 0.3;
--, MNK m = 10 ILU(O), dt = 0.3; —A—, MFNK m = 10 ILU(l), SER;
and —o—, MNK m = 10 ILU(l), SER.

•aa.
10°

no-1

10"
O

10 20 30
CPU Time (HP735 Hours)

40

Fig. 5 Convergence history for five different NK solutions on a 180 x 60
grid: ——, CNK ILU(O), dt = 0.3; - - - - , MFNK m = 10 ILU(O), dt = 0.3;
- -, MFNK m = 20 ILU(l), dt = 0.3; —A—, MFNK m = 10 ILU(l), SER;
and —o—, MNK m = 10 ILU(l), SER.

number (acoustic) of approximately 15. The ability to initiate the
solution on this grid with a relatively high CFL is caused by the good
initial guess. A value of 10 is used for the Jacobian/preconditioner
evaluation interval (m) in the MFNK and MNK implementations.
For the SER calculations, Af° = 0.3 and 77 = 3.0 were used in
Eq. (18). Performance data for these five calculations, plus an SER
calculation using a CNK implementation, are given in Table 1. In
the tables, column 4 represents the percentage of the CPU time
spent forming the Jacobian and preconditioning matrices, whereas
column 5 represents the percentage of CPU time spent performing
Krylov iterations. For this problem, the MFNK and MNK imple-
mentations performed similarly, each enabling a CPU savings of
roughly a factor of 4 as compared with the CNK implementation.
The fact that the MNK implementation was competitive with the
MFNK implementation for this case is understandable considering
the calculation was initiated from an interpolation of a converged
solution on a coarser grid. Consequently, one may guess that only
minor changes in the Jacobian were required, for which the MNK
implementation is well suited. In the CNK implementation, the
Jacobian and preconditioner formations required 87.7% of the total
CPU time, whereas in the MFNK implementation (second row) they
required only 38.3% of the CPU time. However, one difficulty with
the MFNK implementation is a shift in the computational work-
load from the Jacobian/preconditioner formations to the Krylov

iterations, which increased from 11.7% of the CPU time for the
CNK implementation to 60.1 % of the CPU time for the MFNK im-
plementation. This behavior reveals the importance of maintaining
low Krylov iteration counts when using the MFNK implementation.
The SER algorithm, which enabled an infinite CFL number to be
approached, produced additional CPU savings. The algorithm was
running with a CFL of approximately 10,000 at the end of the calcu-
lation, producing nearly quadratic convergence. The ability to obtain
such high CFL numbers is a measure of the robustness of the NK
algorithm. Again, the MFNK and MNK implementations required
similar CPU times, and both outperformed the CNK implementa-
tion by about a factor of 4. The MNK method needed almost twice
as many Newton iterations then did the MFNK method. However,
since each linear iteration is less expensive in the MNK method, as
compared with the MFNK implementation, the CPU cost was sim-
ilar. In previous research on plasma flow modeling,25 which also
compared the MFNK and MNK implementations, the MNK imple-
mentation was not able to use a Jacobian/preconditioner formation
frequency of 10 due to an even more serious degradation in nonlinear
convergence.

To investigate algorithm performance as a function of problem
size, Fig. 5 shows the convergence history of five different calcula-
tions using a 180 x 60 uniform grid. An interpolated solution from
the 90 x 30 grid was used as an initial guess. The runs include the
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Table 3 Matrix-free NK performance data comparing multiplicative Schwarz and
ILU(2) preconditioning effectiveness for a low-Mach-number (0.014) combustion

problem (90 x 30 uniform grid)

Implementation

Total Total Relative
Newton GMRES memory

iterations iterations requirement11

Jacobian plus Inner Total
preconditioner iterations CPU,

CPU, %b CPU, % h

ILU(2), At = 0.03
MS 6 x 3,d SERe

Full solve, SERe

200
43
42

418
401

85

1
1
3

74.1
28.0
72.5

25.5
70.4
26.0

5.0°
0.9
1.0

aRatio of preconditioner memory relative to the memory required for the ILU(2) preconditioner (2.9MW).
^The Jacobian and preconditioning matrices are evaluated every 10 Newton iterations.
cTerminated before final convergence was obtained.
dMS: multiplicative Schwarz preconditioner with 6 x 3 blocking strategy (x cells by y cells).
eSER: switched evolution algorithm controls time step with A?° = 0.1 and rj = 3.0.

10'1

ra

|10'

CPU Time (HP 735 Hours)

Fig. 6 Convergence history for two different NK solutions on a 90 X 30
grid with a poor initial guess: ——, MFNK m = 10 ILU(l), SER and - - - -,
MNK m = 10 ILU(l), SER.

CNK implementation, two MFNK implementations with a fixed
time step of 0.3, and two SER calculations with Ar° = 0.1 and
77 = 3.0, one MFNK and one MNK. The fixed At of 0.3 on this
grid results in an acoustic, ;t-direction CFL number of 30. Table 2
presents algorithm performance data for this grid. Comparing Fig. 4
with Fig. 5, and Table 1 with Table 2, the same general trends are
observed. MFNK and MNK implementations significantly outper-
form the CNK implementation. SER allows an even greater CPU
savings by evolving to a nearly infinite CFL number, which results
in the solution of the steady-state equations directly. Also note that,
on average, the required CPU time increased by roughly a factor of
4 compared with the 90 x 30 grid solutions. This increase repre-
sents a linear scaling with the number of unknowns. Likewise, the
storage requirements for the ILU preconditioner also scales linearly
with problem size. A less favorable scaling would be expected if
the number of species were increased rather than the number of grid
points. However, the attractiveness of the MFNK implementation
increases with the number of governing equations. On this grid, the
number of Newton iterations required for the MFNK implementa-
tion and the MNK implementation were similar. We believe this is a
reflection of the high quality of the first Jacobian matrix yielded by
the interpolated 90 x 30 grid solution. Again, this situation is well
suited to the use of the MNK implementation.

Next, we consider the cost of obtaining a solution both with and
without the use of mesh sequencing. Figure 6 is a convergence plot
for a 90 x 30 grid solution from a poor initial guess. The perfor-
mance of the MFNK implementation is compared with the MNK
implementation with m = 10, Ar° = 0.05, and 77 = 1.0. We see
that the MFNK implementation is a more CPU efficient algorithm
when starting from a poor initial guess. In contrast to the previous
calculations, because of the poor initial guess, the Jacobian is forced
to undergo significant changes, which the MFNK method is better
equipped to capture. This is evidenced by the fact that the MFNK
implementation required 147 Newton iterations, whereas the MNK
implementation required 342 Newton iterations. The CPU times re-
quired for 45 x 15 and 180 x 60 grid solutions using the MFNK
implementation and m = 10 are 0.5 and 40 CPU h, respectively, on
an HP-735 platform starting from a similar poor initial guess. Recall

2 4
CPU Time (HP 735 Hours)

Fig. 7 Convergence history for three different NK solutions on a 90 x 30
grid with the reference Mach number reduced by an order of magnitude:
——, MFNK m = 10 ILU(2), dt = 0.3; - - - -, MFNK m = 10 MS 6 x 3,
SER; and —A—»MFNK m = 10 full solve, SER.

that with a good initial guess the SER, MFNK calculations required
0.58 and 2.9 h on the 90 x 30 and 180 x 60 grids, respectively.
Thus, mesh sequencing provides roughly a factor of 3 speedup on
the 90 x 30 grid, whereas on the 180 x 60 grid mesh sequencing pro-
vides roughly an order of magnitude speedup. This demonstrates the
severe cost of developing the global solution structure when starting
on a fine grid.

Finally, the effectiveness of domain-based preconditioning is
compared with ILU preconditioning. For this study, a Mach number
of 0.014 is used. This low value significantly increases the dis-
parity in the time scales associated with the acoustic sound speed
and the fluid velocity. Note that the nondimensional pressure scales
as Ma~2. This scaling leads to correspondingly large off-diagonal
terms in the momentum equations associated with the pressure gra-
dient terms. This results in a larger Jacobian condition number,
which in turn negatively impacts the convergence of the Krylov al-
gorithm, making effective preconditioning extremely important. For
this problem, a 90 x 30 grid is employed. The calculation is initiated
from an interpolated 45 x 15 grid solution obtained with an inlet
Mach number of 0.14. Figure 7 shows the convergence history for
three different MFNK implementations, all of which evaluated the
Jacobian and preconditioner every 10th iteration (i.e., m = 10). The
first implementation used ILU(2) preconditioning and a fixed time
step of 0.03, which appeared to be an upper limit for this precon-
ditioning choice. Use of larger CFL numbers resulted in stagnation
of the GMRES algorithm. The second implementation used a 6 x 3
blocking (x blocks by y blocks) strategy with multiplicative Schwarz
preconditioning. This preconditioner required the same memory as
the ILU(2) preconditioner but allowed the use of SER with an initial
time step of 0.1 (77 = 3). The third implementation used a full solve
(LINPACK banded Gaussian elimination20) as a preconditioner with
SER and an initial time step of 0.1 (77 = 3). This preconditioning
choice required three times the memory of the previous two. Because
of excessive CPU time, the ILU(2) problem was not allowed to run
to final convergence. Again, note from Fig. 7 the rapid convergence
obtained from the two SER calculations. Table 3 contains the algo-
rithm performance data for these three different calculations. Using
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the lagged full solve as a preconditioner resulted in the fewest inner
GMRES iterations but a slightly higher total CPU time and a signif-
icantly larger memory requirement. The ILU(2) preconditioner was
found to be inefficient for this low-Mach-number problem. These
results show that domain-based preconditioning, with full solves
on subdomains, can significantly enhance algorithm robustness. A
more detailed study of the benefits of domain-based preconditioning
for combustion problems will be published in a separate paper.22

Summary and Conclusions
An NK algorithm was used to solve a nonpremixed, laminar dif-

fusion flame model problem with three chemical species and one
kinetic reaction. The right preconditioned GMRES (40) algorithm
was the selected Krylov solver. MFNK and MNK implementations
were studied as a means to reduce the cost associated with form-
ing expensive numerical Jacobians. Both ILU(k) and domain-based
multiplicative Schwarz preconditioners were employed. Observa-
tions for this model problem, indicated that use of the SER algo-
rithm coupled with an MFNK implementation or an MNK imple-
mentation offered significant CPU benefits over a fixed time step,
CNK implementation. It was demonstrated that when starting from
a poor initial guess, where the Jacobian is forced to undergo signif-
icant changes, the MFNK implementation outperformed the MNK
implementation. Note that the potential CPU savings of the MFNK
algorithm grows with the number of unknowns per control volume
since the residual evaluation scales linearly with this number and
the Jacobian evaluation scales quadratically with this number. Mesh
sequencing was shown to provide significant CPU savings for this
steady-state, highly nonlinear, multiple time scale problem. Addi-
tionally, the domain-based multiplicative Schwarz preconditioner,
with full solves on subdomains, is more effective than ILU precon-
ditioning at low Mach numbers without requiring more computer
memory. Consequently, our near-term research on this problem will
involve studying subdomain solvers, blocking strategies, and over-
lap for Schwarz preconditioners.
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